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THE COHOMOLOGY OF LINE BUNDLES OF
SPLICE-QUOTIENT SINGULARITIES
ANDRÁS NÉMETHI
Abstrat. We provide several results on splie-quotient singularities: (1) a
ombinatorial expression of the dimension of the rst ohomology of all `natu-
ral' line bundles (for denitions see (2.1)); (2) an equivariant CampilloDelgado
Gusein-Zade type formula about the dimension of relative setions of line bun-
dles, extending former results about rational and minimally ellipti singulari-
ties; (3) in partiular, we prove that the equivariant, divisorial multi-variable
Hilbert series is topologial; (4) a ombinatorial desription of divisors of an-
alyti funtion-germs; (5) and an expression for the multipliity of the sin-
gularity from its resolution graph (in partiular solving Zariski's Multipliity
Conjeture for splie-quotient hypersurfaes).
Additional, in (3.3) we establish a new formula for the Seiberg-Witten
invariants of any rational homology sphere singularity link, whose validity for
links of splie-quotients is the onsequene of the above results (and the proof
of the general ase will appear in [9℄).
1. Introdution
Splie-quotient singularities were introdued by Neumann and Wahl and beame
the subjet of an intense mathematial ativity [18, 19, 20, 21, 16, 31, 23, 24, 22, 14,
15, 3, 28℄. In their denition, one starts with a resolution graph Γ whih is a tree,
and the genera of all the verties are zero, and it also satises an additional ombi-
natorial restrition. From Γ one onstruts an equisingular family of singularities,
as analyti realizations supported by the topologial type xed by Γ. Rational and
minimally ellipti singularities [24℄ and weighted-homogeneous singularities [17℄ are
examples of splie-quotients.
In this artile we settle some basi results regarding these singularities. The fat
that they are `anonially' onstruted from a ombinatorial objet, gives hope that
their basi disrete analyti invariants should be representable from the topology.
The present artile unies apparently dierent researh diretions working on these
type of questions for dierent invariants.
First, we show that the equivariant divisorial multi-variable Hilbert series [5, 10℄
(see also [6, 4℄ for the non-equivariant version) is topologial. In order to do this, we
prove the equivariant CampilloDelgadoGusein-Zade formula for splie-quotients,
f. (4.1.1). This identies a series P , whih odies the same information as
the Hilbert series itself, with a ombinatorially dened `zeta funtion'. (Here, for
the equivariant divisorial Hilbert series and for the CampilloDelgadoGusein-Zade
formula, we adopt the formalism established in [10℄.)
Suh a formula was proved by Campillo, Delgado and Gusein-Zade for rational
singularities [4, 5℄, by a dierent method it was reproved for rational and extended
for minimal ellipti singularities in [10℄, but it was unknown (at least by the author)
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even for weighted-homogeneous singularities. For suh a singularity with a C∗-
ation, its redution to a one-variable identity (orresponding to the valuation of
the `entral' divisor) is the elebrated Pinkham-Dolgahev-Neumann formula, whih
identies the (C∗-equivariant) Poinaré series with a topologially dened zeta-
funtion [25, (5.7)℄, [17℄.
The CampilloDelgadoGusein-Zade formula, surprisingly enough, an be on-
neted with the (equivariant) Seiberg-Witten Invariant Conjeture for `natural' line
bundles L (see [13, 8℄ for the onjeture and [11℄ for related results). This provides
a topologial desription of the dimensions h1(L) of the ohomology groups (in-
luding the geometri genus orresponding to the trivial line bundle) involving the
Seiberg-Witten invariant of the link, f. (4.1.3). Although [3℄ provides a proof of the
onjeture for splie-quotients, that version, as the original onjeture itself, on-
tains a restrition regarding the Chern lass of the involved line bundles. Without
this restrition, the topologial andidate for h1(L), even at onjetural level, was
not known. Here we treat the omplete general ase without any restrition on the
Chern lass. The `orretion term' needed for arbitrary Chern lass is provided by
a `trunated part' of the expression appearing in CampilloDelgadoGusein-Zade
formula.
In the last setion we haraterize from the graph the loal divisors of analyti
funtions for splie-quotient singularities (a very diult open task, in general), and
we determine topologially the multipliity of the singularity too. In partiular, we
answer positively Zariski's Multipliity Conjeture for all splie-quotients.
2. Notations and motivations
2.1. General surfae singularities. Let (X, o) be a omplex normal surfae sin-
gularity whose link is a rational homology sphere. Let π : X˜ → X be a good
resolution with dual graph Γ whose verties are denoted by V . Reall that the
link is a rational homology sphere if and only if Γ is a tree and all the irreduible
exeptional divisors have genus 0.
Set L := H2(X˜,Z). It is freely generated by the lasses of the irreduible ex-
eptional urves {Ev}v∈V . They will also be identied with the integral yles
supported on E = π−1(o). If L′ denotes H2(X˜,Z), then the intersetion form ( , )
on L provides an embedding L →֒ L′ with fator the rst homology group H of ∂X˜
(or, of the link). Moreover, ( , ) extends to L′. L′ is freely generated by the duals
E∗v , where we prefer the onvention (E
∗
v , Ew) = −1 for v = w, and = 0 otherwise.
Eetive lasses l =
∑
rvEv ∈ L′ with all rv ∈ Q≥0 are denoted by L′≥0, and
L≥0 := L
′
≥0 ∩ L. Moreover, denote by S
′
the anti-nef one {l′ ∈ L′ : (l′, Ev) ≤
0 for all v}. It is generated over Z≥0 by the base-elements E∗v . Sine all the entries
of E∗v are strit positive, S
′
is a sub-one of L′≥0, and for any xed a ∈ L
′
the set
(2.1.1) {l′ ∈ S ′ : l′  a} is nite.
Set Q := {
∑
l′vEv ∈ L
′, 0 ≤ l′v < 1}. For any l
′ ∈ L′ write its lass in H by [l′],
and let r[l′ ] ∈ L
′
be its unique representative in Q with l′−r[l′] ∈ L. Finally, denote
by θ : H → Ĥ the isomorphism [l′] 7→ e2πi(l
′,·)
of H with its Pontrjagin dual Ĥ .
Next we list three major motivations of our investigation with some interloking
onneting them.
2.2. First motivation: ohomology of line bundles. Most of the analyti
geometry of X˜ (hene of (X, o) too) is desribed by its line bundles and their
ohomology groups. One has the following basi goal (below the ohomology groups
are onsidered on X˜): For any L ∈ Pic(X˜) and eetive yle l ∈ L≥0 reover the
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dimensions
(2.2.1) (a) dim
H0 (L)
H0 (L (−l))
and (b) dimH1(L)
from the ombinatoris of Γ (at least for some families of singularities).
Thanks to a reent intense ativity, there is an inreasing optimism to understand
this problem for `speial' line bundles. They are provided by the splitting of the
ohomologial exponential exat sequene summarized below, f. [8, 3℄, [23, (2.2)℄:
L
||x
x
x
x
x
0 // H1(X˜,O eX)
// Pic(X˜)
c1 //
L′ //
O
oo_ _ _ 0.
The rst Chern lass c1 is a surjetive and it has an obvious setion on the subgroup
L: it maps every element to its assoiated line bundle. This setion has a unique
extension O to L′. We all a line bundle natural if it is in the image of this setion.
Natural line bundles appear in other geometri onstrutions as well. Let c :
(Y, o)→ (X, o) be the universal abelian over of (X, o), πY : Y˜ → Y the normalized
pullbak of π by c, and c˜ : Y˜ → X˜ the morphism whih overs c. Then the ation
of H on (Y, o) lifts to Y˜ and one has an H-eigenspae deomposition ([8, (3.7)℄ or
[22, (3.5)℄):
(2.2.2) c˜∗OeY =
⊕
l′∈Q
O(−l′),
where O(−l′) (for l′ ∈ Q) is the θ([l′])-eigenspae of c˜∗OeY . This is ompatible with
the eigenspae deomposition of OY,o too.
This allows us to regard eah H0(X˜,O(−l′)) as the θ([l′])-eigenspae of the C-
vetor spae of meromorphi funtions s on Y˜ with div(s) ≥ c˜∗(l′) (where, in fat,
c˜∗(l′) is an integral yle supported on π−1Y (o) by [8, (3.3)℄).
2.3. Seond motivation: equivariant Hilbert series. For natural line bundles,
the dimensions from (2.2.1)(a) an be organized in a generating funtion. Indeed,
one a resolution π is xed, OY,o inherits the divisorial multi-ltration (f. [10,
(4.1.1)℄):
(2.3.1) F(l′) := {f ∈ OY,o | div(f ◦ πY ) ≥ c˜
∗(l′)}.
Let h(l′) be the dimension of the θ([l′])-eigenspae of OY,o/F(l′). Then, one denes
the equivariant divisorial Hilbert series by
(2.3.2) H(t) =
∑
l′=
P
lvEv∈L′
h(l′)tl11 · · · t
ls
s =
∑
l′∈L′
h(l′)tl
′
∈ Z[[L′]].
(We are aware that in H(t) many oeients are repeated several times, and that∑
l′∈L′
≥0
h(l′)tl
′
ontains the same information and it lives in a ring of power series
instead of a Z[L′]-module as H(t) does. However, we prefer the denition (2.3.2)
sine it already appeared in the literature together with the nie relation (2.4.1).)
Notie that the terms of the sum reet the H-eigenspae deomposition too.
E.g.,
∑
l∈L h(l)t
l
orresponds to the H-invariants, hene it is the Hilbert series of
OX,o assoiated with the π−1(o)-divisorial multi-ltration (onsidered and inten-
sively studied, see e.g. [6℄ and the itations therein, or [4℄). The seond entral
problem is: Reover (for some families of singularities) H(t) from Γ.
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Write l′ ∈ L′ as l′ = r[l′] + l for some l ∈ L. Then (see e.g. [10, (4.2.4)℄)
(2.3.3) h(l′) = dim
H0(O(−r[l′ ]))
H0(O(−r[l′ ] −max{0, l}))
.
Hene in those ases when the dimensions from (2.2.1)(a)  applied for bundles
O(−l′), l′ ∈ Q  are topologial, H(t) is topologially determined too.
2.4. Third motivation: CampilloDelgadoGusein-Zade identity. Compar-
ison of H with topologial invariants lead Campillo, Delgado and Gusein-Zade to
onsider the next series, f. [4, 5℄:
(2.4.1) P(t) = −H(t) ·
∏
v
(1− t−1v ) ∈ Z[[L
′]].
Above, Z[[L′]] is regarded as a module over Z[L′]. Campillo, Delgado and Gusein-
Zade for several families of singularities proposed a topologial desription for P(t)
(presented here in (4.1.1)). For more positive ases when that desription holds,
and for some ounterexamples too, see [10℄. Thus, it is natural to ask: how general
is this phenomenon (i.e. topologial haraterization), and where are its limits?
Although the multipliation by
∏
v(1 − t
−1
v ) in Z[[L
′]] is not injetive, hene
apparently P ontains less information then H (f. (2.4.1)), they determine eah
other (a fat notied in [4℄ for the non-equivariant ase, the preise `invertion'
follows from (3.1.6) below).
3. General results
3.1. The next proposition puts in evidene that in all the invariants listed in the
previous setion the ruial ingredient is:
(3.1.1) hL :=
∑
I⊆V
(−1)|I|+1 dim
H0 (L)
H0 (L (−EI))
,
where EI =
∑
v∈I Ev. Notie that if (c1(L), Ev) < 0 for some v ∈ V , then for any
I 6∋ v one has an isomorphism H0(L(−EI∪v))→ H0(L(−EI)), hene
(3.1.2) hL = 0 whenever −c1(L) 6∈ S ′.
Therefore, in the next expressions (3.1.5)-(3.1.7) the sums are nite (f. (2.1.1)).
In fat, P is also supported on the anti-nef one S ′ (see e.g. [10, (4.2)℄), and by
(2.3.3) and (2.4.1) (for more details see [10, (4.2.12)℄) the generating funtion for
{hL : L natural} is exatly the series P , sitting in the ring Z[[S ′]]:
(3.1.3)
∑
l′∈L′
hO(−l′)t
l′ = P(t).
Proposition 3.1.4. Let (X, o) be a normal surfae singularity whose link is a
rational homology sphere. Fix one of its good resolutions X˜ → X. Denote by
K ∈ L′ the anonial lass satisfying (K + Ev, Ev) = −2 for all v ∈ V. Then for
any line bundle L ∈ Pic(X˜) the following fats hold:
(1) For every eetive yle l ∈ L≥0
(3.1.5) dim
H0 (L)
H0 (L (−l))
=
∑
a∈L≥0,al
hL(−a).
In partiular, for any l′ ∈ L′ (via (2.3.3)) one has
(3.1.6) h(l′) =
∑
a∈L, a 6≥0
hO(−l′−a).
THE COHOMOLOGY OF LINE BUNDLES OF SPLICE-QUOTIENT SINGULARITIES 5
(2) There exists a onstant const[L], depending only on the lass of [L] ∈
Pic(X˜)/L, suh that
(3.1.7) − h1 (L) =
∑
a∈L, a0
hL(a) + const[L] +
(K − 2c1 (L))
2
+ |V|
8
.
For the proof see (3.2). Some remarks are in order.
Remark 3.1.8.
(1) From (3.1.4) follows that the set {hL : L natural} determines all the ranks
dimH0(O(l′))/H0(O(l′− l)). For h1(O(l′)) additionally one also needs the
onstants {consth}h∈H , where const[l′] = const[O(l′)].
(2) (3.1.7) identies in a natural way (in the world of algebrai geometry) the
onstants {consth}h∈H . There are two distinguished regions for the Chern
lasses l′ of speial interest. First, if one takes in (3.1.7) L = O(−rh + l)
with l ∈ L≥0, then
(3.1.9) − h1 (O(−rh + l)) = const−h +
(K + 2rh − 2l)
2
+ |V|
8
.
Hene, const−h + ((K + 2rh)
2 + |V|)/8 appears as −h1 (O(−rh)), or as the
onstant term of the `quadrati funtion' l 7→ −h1 (O(−rh + l)).
On the other hand, for L = O(−l′) with l′ ∈ −K + S ′, by the vanishing
of h1(L) [7, (3.2)℄, one has
(3.1.10) const[−l′] = −
∑
a∈L, a0
hO(−l′−a) −
(K + 2l′)2 + |V|
8
.
Identity (3.1.9) an be ompared with the one appearing in the `Seiberg-Witten
Invariant Conjeture' [13, 10℄. This predits the validity of an identity whih an be
obtained from (3.1.9) by replaing consth by the Seiberg-Witten invariants of the
link M . We remind that the Seiberg-Witten invariants are indexed by the spinc-
strutures of M . Spinc(M) is an H-torsor (with ation (h, σ) 7→ h ∗ σ), and with
a distinguished element, the anonial spinc-struture σcan. This is indued by the
omplex struture of X , but it an be reovered from the ombinatoris of Γ too
(see [13℄). Hene, the Seiberg-Witten Invariant Conjeture [13℄ has the following
reinterpretation:
Conjeture 3.1.11. For `nie' normal surfae singularities with rational homology
sphere link the onstants {consth}h are the Seiberg-Witten invariants of the link:
consth = swh∗σcan ;
3.2. Proof of Proposition (3.1.4). We will use several times the following rewrit-
ing of (3.1.1). For any xed u ∈ V , by grouping the subsets of V in pairs {I, I∪u}I 6∋u,
we get
(3.2.1) hL =
∑
I 6∋u
(−1)|I|
H0(L(−EI)
H0(L(−EI − Eu))
.
Notie that part (2) implies part (1) by Riemann-Roh formula, nevertheless in
our proof of (2) we will use part (1) too. Hene we start with the proof of (1). By
omparing (3.1.5) for l and l+Ev (for some v ∈ V) and using indution, it is enough
to prove (3.1.5) only for l = Ev (and arbitrary L). We simplify the right-hand side
of (3.1.5) in several steps.
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Using (3.2.1) for u = v, and (3.1.2), the right hand side of (3.1.5) for l = Ev is
∑
a
∑
I 6∋v
(−1)|I| dim
H0(L(−a− EI))
H0(L(−a− EI − Ev))
,
where the rst sum runs over a =
∑
u6=v auEu, with 0 ≤ au < k for some k ≫ 0.
By ombinatorial anellation, this is
∑
I 6∋v
(−1)|I| dim
H0(L(−kEI))
H0(L(−kEI − Ev))
.
But, the inlusion H0(L(−kEI − Ev)) →֒ H0(L(−kEI)) is an isomorphism for
I 6= ∅, I 6∋ v, and k ≫ 0. In order to prove this, embed both groups in H0(L).
Then notie that H0(L(−l)) \ {0} = {s ∈ H0(L) \ {0} : divL(s) ≥ l} for any
l ∈ L≥0. On the other hand, sine (divL(s) − c1(L), Eu) = 0 for all u ∈ V and
s 6= 0, the ompatly supported part D(s) of divL(s) satises D(s) ∈ c1(L) + S ′.
But S ′ has the property that for all c1 ∈ L
′
there is a k ≫ 0 suh that for all
D ∈ c1 + S ′ with D ≥ kEI one has D ≥ kEI + Ev too. Thus (3.1.5) for l = Ev
follows.
Similarly, for (3.1.4)(2), one ompares the sheaves L and L(−l) for l ∈ L≥0. The
ohomology long exat sequene of L(−l) →֒ L։ Ll provides
dim
H0(L)
H0(L(−l))
= χ(Ll)− h
1(L(−l)) + h1(L).
Then, Riemann-Roh formula and a omputation shows that the expression
h1(L) +
∑
a0
hL(a) +
(K − 2c1(L))2 + |V|
8
is the same for L and L(−l).
3.3. Remarks on the Seiberg-Witten invariant. In the next setion we om-
bine (3.1.7) and the identity from (4.1.1) (valid for splie-quotients) to get (4.1.4).
Assume that this last identity is true for some singularity and l′ ∈ −K+S ′ is in the
vanishing zone of h1(O(−l′)). Then the vanishing of the right hand side of (4.1.4)
provides a ompletely topologial identity onneting the Seiberg-Witten invariants
of the link with a ombinatorial data of Γ. In partiular, we get a new ombinatorial
formula for the Seiberg-Witten invariants for all plumbed 3-manifolds whih admit
an analyti struture satisfying (4.1.4); e.g. this is the ase for all the graphs of
splie-quotients.
The point is that this topologial identity is true for any Γ. Indeed, one has:
Theorem 3.3.1. Fix an arbitrary resolution graph whose assoiated plumbed 3-
manifold is a rational homology sphere. Consider all its ombinatorial invariants
as above, and dene the oeients cl′ by the expansion
(3.3.2)
∏
v∈V
(
1− tE
∗
v
)δv−2
=
∑
l′∈S′
cl′t
l′ ∈ Z[[S ′]].
Take any representative l′ of the lass [l′] in l′ ∈ −K+S ′. Then the Seiberg-Witten
invariants of the assoiated plumbed 3-manifold satisfy:
(3.3.3) sw[−l′]∗σcan +
(K + 2l′)2 + |V|
8
= −
∑
a∈L,a0
cl′+a,
In other words, the expression from the right hand side (i.e. speial trunations
of the series (3.3.2)) admits a quadrati generalized Hilbert polynomial, whose free
oeient is the (renormalized) Seiberg-Witten invariant.
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The validity of the theorem for splie-quotients (in partiular for rational or
star-shaped graphs) follows from (4.1.3). The proof of the general ase involves
dierent tehniques from those used in the present artile, hene will be published
in another artile [9℄. Here we only sketh the argument.
Notie that the left hand side of the identity satises some surgery identities.
Sine for `simple' graphs (e.g. strings, or rational graphs) the identity (3.3.3) is
valid, it is enough to verify that the right hand side of (3.3.3) satises a similar
surgery formula as the left hand side. This (again by the above disussion, when
(3.3.3) holds) is true for rational graphs, and one an prove the general ase by
indution on the number of `bad' verties of the graph by a similar tehnique as in
[15℄ (v is `bad' if −E2v is smaller than the valeny δv). Indeed, if v is a bad vertex,
one onsiders the series of graphs Γn dened by replaing the self-intersetion −E
2
v
by −E2v + n · | det(Γ)| (n ∈ Z≥0). The wished identity is a rational funtion in n,
and it is vanishing (by the indutive step) for any n suiently large. Hene it is
vanishing identially.
4. The CampilloDelgadoGusein-Zade formula for splie-quotients
4.1. Splie-quotient singularities were introdued by Neumann and Wahl in [20℄.
From any xed graph Γ (whih has some speial properties) one onstruts an
equisingular family of singularities whose analyti type is strongly linked with one
of its resolutions whose dual graph is Γ.
Briey, the onstrution of one of the members (X, o) of the family for a xed
Γ is the following. Let E denote the set of ends, i.e. the set of those verties
v whose valeny δv is 1. Let C{z} be the onvergent power series in variables
{zi}i∈E . Then the abelian over (Y, o) of (X, o) is a omplete intersetion in C|E|
with |E| − 2 equations (the so-alled `splie diagram equations'). H ats on C{z}
by h∗zi = θ(E∗i )(h)zi whih indues on OY,o the Galois ation of the abelian over.
Splie-quotients inlude the rational singularities (and any resolution) [24℄, min-
imally ellipti singularities (with resolutions where the support of the minimal el-
lipti yle is not proper) [24℄, and weighted-homogeneous singularities (with their
minimal good resolutions) [17℄. For more details see also [20℄ and [22℄.
Theorem 4.1.1. Let (X, o) be a splie-quotient singularity assoiated with the xed
graph Γ. Consider its resolution π with graph Γ and the analyti invariants H(t)
and P(t) assoiated with π. Then they an be reovered from Γ. More preisely:
(4.1.2) P(t) =
∏
v∈V
(
1− tE
∗
v
)δv−2
.
(The expression of H(t) follows from (4.1.2) and (3.1.6).)
The identity (4.1.2) is the generalization of the CampilloDelgadoGusein-Zade
formula (stated in the terminology of [10℄). This, for rational singularities was
proved in [5℄, for minimally ellipti ones in [10℄. This is a ommon generalization
of them, whih inludes the weighted homogeneous singularities as well.
Corollary 4.1.3. Conjeture (3.1.11) is true for splie-quotient singularities. More-
over, h1(O(l′)) is topologial for any l′ ∈ L′. More preisely, onsider the expansion
(3.3.2). Then
(4.1.4) − h1 (O(−l′)) =
∑
a∈L,a0
cl′+a + sw[−l′]∗σcan +
(K + 2l′)2 + |V|
8
.
Indeed, for the rst sentene ombine (3.1.9) with [3, (2.2.4)℄, whih proves the
Seiberg-Witten Invariant Conjeture for splie-quotients singularities and for line
bundles O(−rh + l) with l ∈ L≥0 (i.e. the analogue of the identity (3.1.9) with
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sw−h∗σcan instead of const−h). For the seond statement one needs additionally
(4.1.2) too.
In order to prove (4.1.1) we need some preparations.
The author studied splie-quotient singularities in a joint projet with G. Braun;
we even prepared a manusript about some new results. Nevertheless, the manu-
sript was split in two independent parts: Braun's artile [2℄ ontains a new proof
of the End Curve Theorem of Neumann and Wahl, the remaining part regarding
results in onnetion with the CampilloDelgadoGusein-Zade type identity onsti-
tutes the present setion. Inevitably, some overlaps remained, but they emphasize
dierent aspets.
4.2. Preparations. Singularities satisfying the `end urve ondition'. We
x a singularity (X, o) and one of its good resolutions π : X˜ → X with graph Γ.
As above, V (resp. E) denotes the set of verties (resp. ends) of Γ.
Consider an irreduible urve on X˜ transversal to E interseting exatly one Ev
(v ∈ V) at one point. A ut funtion for this urve is a funtion f ∈ OX,o suh
that the divisor of f ◦ π is supported on E and the urve. The urve is a ut of Ev
if it has a ut funtion.
Denition 4.2.1. [20℄ The end urve ondition for π requires a ut Hi for eah
end omponent Ei, i ∈ E . We all suh an Hi end urve and the orresponding
funtion end urve funtion.
Reall that any splie-quotient singularity satises the end urve ondition by
onstrution ([20, (7.2)(6)℄): the |H |-powers of the oordinate funtions of C|E|
serve as end urve funtions.
4.2.2. (End urve setions.) [20℄ For a xed v ∈ V , let ev be the order of [E∗v ] in
H . Sine Pic(X˜) has no torsion, if Hv is a ut of Ev, one an take a ut funtion
fv suh that div(fv ◦ π) = ev(Hv + E∗v ). In partiular, O(−E
∗
v ) = O(Hv).
Consider now the universal abelian over of (X, o), maps c and c˜ as in (2.2), and
a funtion fv for some v ∈ V as in the previous paragraph. Then f ◦ π ◦ c˜ is an
ev-power of some zv ∈ H0(Y˜ ,OeY ) (≃ OY,o). Sine zv is in the θ(E
∗
v )-eigenspae,
by (2.2.2) and a divisor veriation zv ∈ H0(X˜,O(−E∗v )), where its divisor is Hv.
In this onstrution of zv from fv there is an ambiguity with multipliation by
an ev-root of unity what we will disregard.
If π : X˜ → X satises the end urve ondition, the setions zi for i ∈ E on-
struted from (a xed set of) end urve funtions will be alled end urve setions.
Usually, for eah i ∈ E , one xes one ut. Nevertheless, in order to run the
theory properly, for a graph whih has only one vertex, one xes two disjoint uts,
hene one gets two end urve setions. (For this speial ase, the reader is invited
to replae some of the indies used below aordingly.)
4.2.3. (Monomials in H0(X˜,O(−l′)).) Fix a subset W ⊂ V , and assume that π
admits ut funtions and uts Hw for any w ∈ W . Fix l′ ∈ L′. For any olletion
αw ∈ Z≥0 (w ∈ W), with [
∑
w αwE
∗
w] = [l
′] in H , onsider the monomial zα =∏
w∈W z
αw
w in {zw}w as a meromorphi funtion on Y˜ . It is in the θ([l
′])-eigenspae,
hene it is a meromorphi setion of O(−l′). Sine its divisor divO(−l′)(z
α) is∑
w αw(Hw + E
∗
w) − l
′
, zα is a global holomorphi setion of O(−l′) if and only if∑
w αwE
∗
w − l
′ ∈ L≥0.
Denition 4.2.4. Assume that π satises the end urve ondition. Consider the
end urve setions {zi}i∈E assoiated with a xed set of end urve funtions. An
element of H0(X˜,O(−l′)) of the form zα with W = E is alled monomial setion.
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A global setions zα of O(−l′), where {αv}v∈W is indexed by a subset W % E
(provided that eah {zw}w∈W exists) is alled an extended monomial setion.
To any olletion {αi}i∈E (αi ∈ Z≥0) we assoiate its monomial yle D(α) :=∑
i∈E αiE
∗
i ∈ L
′
.
Example 4.2.5. For any l′ ∈ L′ and l ∈ L≥0, the lasses of non-zero monomial
setions in H0(X˜,O(−l′))/H0(X˜,O(−l′ − l)) are indexed by
{α |αi ≥ 0 for all i ∈ E ; a ≥ 0, a 6≥ l, where a = D(α) − l′ ∈ L}.
E.g., if l = Ev for some v ∈ V with (l′, Ev) > 0, then this index set is empty: the
existene of suh an α would imply 0 > (D(α) − l′, Ev) ≥ 0. This himes in with
the fat that H0(O(−l′))/H0(O(−l′ − Ev)) embeds into H
0(Ev,O(−l
′)) = 0.
4.2.6. (Restritions.) Next we introdue the notations of the indutive step used
in the proof. Let π be a xed resolution with dual graph Γ and |V| > 1. We x a
vertex v ∈ E ; let Ew be the unique irreduible exeptional urve whih intersets
Ev. Set E¯ = ∪u∈V\vEu. Let X˜(E¯) be a suiently small neighbourhood of E¯ in X˜ ,
and Γ¯ the dual graph of E¯. We denote by E¯u (= Eu), u ∈ V \ v, the base elements
of the new lattie L¯, and by E¯∗u their Γ¯-duals in L¯
′
. Notie that E¯ analytially an
be ontrated (denote this by π¯) giving rise to a singularity (X¯, o). Set E¯ for the
ends of Γ¯ and E ′ = E \ v.
If (X, o) admits the end urves {Hi}i∈E in X˜ ut out by the end urve funtions
{fi}i∈E , then X˜(E¯) inherits some ompatible uts and end urves. Indeed:
Lemma 4.2.7. [22, (2.15)℄. The urves {Hi}i∈E′ and H¯w = Ev ∩ X˜(E¯) are uts
of E¯ in X˜(E¯). In partiular, the resolution π¯ of (X¯, o) satises the end urve
ondition with distinguished end urve funtions inherited from {fi}i∈E .
Proof. Let mi be the vanishing order of fi along Ev. Then for π¯, fv|X˜(E¯) is a ut
funtion for H¯w, and f¯i = f
mv
i /f
mi
v |X˜(E¯) is a ut funtion for Hi, i ∈ E
′
. 
Let i : L¯ →֒ L be the natural lattie embedding E¯u 7→ Eu, u ∈ V \ v. Its dual
R : L′ → L¯′ is dened by (R(l′), l¯) = (l′, i(l¯)) (or by R(E∗v ) = 0 and R(E
∗
u) = E¯
∗
u
for u ∈ V \ v), and one also has
(4.2.8) R(Ev) = −E¯
∗
w and R(Eu) = E¯u for u ∈ V \ v.
Lemma 4.2.9. The restrition of any natural line bundle to X˜(E¯) is natural. In
fat, the restrition of O eX(−l
′) is isomorphi to O eX(E¯)(−R(l
′)).
Proof. We need to show that some power of the restrition has the formO eX(E¯)(l¯) for
some l¯ ∈ L¯. This, by takingO eX(−l
′)|H|, redues the proof to the aseO eX(Eu)|X˜(E¯).
But this, for u 6= v is O eX(E¯)(E¯u), and for u = v it is O eX(E¯)(H¯w), whih equals
O eX(E¯)(−E¯
∗
w) by (4.2.7) and (4.2.2); all of them are natural. 
Here, a word of warning is neessary. Consider the restrition map
R0 : H0(X˜,O eX(−l
′)) −→ H0(X˜(E¯),O eX(−l
′)| eX(E¯)).
Although O eX(−l
′)| eX(E¯) and O eX(E¯)(−R(l
′)) are isomorphi, the isomorphism on-
neting them might not send the restrition of a monomial setion of O eX(−l
′) to a
monomial setion of O eX(E¯)(−R(l
′)).
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4.3. In the proof of (4.1.1) we will also use the following lemma. We separate its
proof in  6.
Lemma 4.3.1. [2℄ Let π : X˜ → X be the resolution whih satises the end urve
ondition. Let L = O eX(−l
′) (l′ ∈ L′) be a natural line bundle on X˜. Then:
(1) For some l ∈ L≥0 onsider the vetor spae V := H0(X˜,L)/H0(X˜,L(−l)).
Assume that a subset of H0(X˜,L) has the following property: for any non-
zero lass in V of a monomial setion of L the set ontains an element with
the same divisor. Then the lasses of the elements of the set generate V as
a vetor spae.
(2) Assume that |V| > 1, v ∈ E and (c1(L), Ev) ≥ 0. Set Ew and X˜(E¯) as in
(4.2.6). Then the restrition map indues an isomorphism
(4.3.2) R♭ :
H0(X˜,L)
H0(X˜,L(−Ew))
−→
H0(X˜(E¯),L| eX(E¯))
H0(X˜(E¯),L| eX(E¯)(−Ew))
.
4.4. Proof of (4.1.1). Notie that by the `hange of variables' {xv = tE
∗
v}v, (4.1.1)
is equivalent to
(4.4.1)
∑
kv≥0
hO(−
P
v
kvE∗v )
∏
v∈V
xkvv =
∏
v∈V
(1− xv)
δv−2.
Next we prove (4.4.1) for all singularities whih satises the end urve ondition.
Sine splie-quotients satises this the result follows.
The proof is by indution on the number of verties (where we will also use that
the restrition preserves the lass of singularities satisfying the end urve ondi-
tion, and also their natural line bundles, f. (4.2.7) and (4.2.9)). The statement
is lear for graphs having only one vertex v, sine it is just a reformulation of
dimH0 (O (−kE∗v))/H
0 (O (−kE∗v − Ev)) = h
0(OP1(k)) = k + 1 for all k ≥ 0.
For a graph Γ with |V| > 1, let v, w, Γ¯ be as in (4.2.6), and denote the restrition
of B = O(−
∑
u kuE
∗
u) ∈ Pic(X˜) to X˜(E¯) by B¯. Then onsider (3.2.1) for u = w.
Sine (c1(B), Ev) = kv ≥ 0 and −(EI , Ev) ≥ 0, (4.3.1)(2) an be applied for eah
L = B(−EI). Moreover, separating the ases when I ontains v or not, we get (f.
(4.2.8))
hB = hB¯ − hB(−Ev) = hB¯ − hB¯(E¯∗w).
Notie that, by (3.1.2), hB¯(E¯∗
w
) = 0 whenever kw = 0. Therefore, if PX,o denotes
the left hand side of (4.4.1), we have
PX,o = PX¯,o ·
∑
kv≥0
xkvv · (1 − xw).
But the right hand side of (4.4.1) satises the same indutive formula.
4.5. Remarks. (a) For splie-quotients, besides the divisorial multi-ltration, there
exists another ltration on OY,o, indexed by the same index set L′. The monomial
ltration on C{z} is dened by the degrees of monomials:
(4.5.1) G(l′) :=
{ ∑
α
aαz
α ∈ C{z} :
∑
i∈E
αiE
∗
i ≥ l
′
whenever aα 6= 0
}
.
Let φ : C{z} → OY,o send the variable zi to the orresponding end urve setion
(denoted by zi too, f. (4.2.2)). By the denitions φ(G(l′)) ⊂ F(l′). But, in
fat, (4.1.1) implies their equality. Indeed, let HG , respetively PG , be the series
assoiated with φ(G) similarly as H and P are assoiated with the ltration F , f.
(2.3.2) and (2.4.1). One shows by a similar argument as in (3.2) that HG an be
reovered from PG by a similar way as H from P (f. (3.1.6)). Sine the abelian
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over (Y, o) is a omplete intersetion with δv − 2 equations for eah v with δv ≥ 3,
the series PG equals the right hand side of (4.1.2). But P = PG implies H = HG .
This together with φ(G(l′)) ⊂ F(l′) implies φ(G) = F .
The same fat follows by a standard argument from (4.3.1)(1) too, f. [2℄, sine
it implies that the ompletion φ̂ : Ĝ(l′)→ F̂(l′) is onto, hene φ(G(l′)) = F(l′) too.
This generalizes a result of Okuma [22, (3.3)℄, where the ltrations are assoiated
with only one node.
(b) For any xed vertex u of Γ onsider the divisorial ltration Fu assoiated
with the irreduible omponent Eu, and let Pu be the Poinaré series of GrFuOY,o.
Then, by [10℄, GrFuOY,o is obtained from P(t) by substitutions tw = 1 for all
w ∈ V \ u. Hene, by taking H-invariants (for details see e.g. [10℄), (4.1.1) implies
that the Poinaré series of GrFuOX,o is
(4.5.2)
1
|H |
·
∑
ρ∈ bH
∏
v∈V
(1 − ρ([E∗v ])t
−(E∗
v
,E∗
u
)
u )
δv−2
.
This provides topologially the semigroup of the Eu-valuation too.
5. Prinipal yles and the multipliity
5.1. Prinipal Q-yles. Let (X, o) be a normal surfae singularity and π : X˜ →
X one of its xed resolutions. We use the notations of (2.1) and also dene
S := S ′ ∩ L = {l ∈ L : (l, Ev) ≤ 0 for all v ∈ V}.
Let supp(l) ⊂ E denote the support of a yle l ∈ L. For any set {l′j}j∈J with
l′j =
∑
v l
′
j,vEv ∈ L
′
set infj l
′
j :=
∑
v l
′
vEv ∈ L⊗Q, where l
′
v = minj l
′
j,v.
Denition 5.1.1. A rational yle l′ ∈ L′ is alled a prinipal Q-yle if O(−l′)
has a global holomorphi setion s whih is not zero on any of the exeptional
omponents. Their set will be denoted by Pr′. The set Pr of prinipal yles is
dened as Pr′ ∩ L; it onsists of preisely the restritions to E of the divisors of
π-pullbaks of analyti funtions from OX,o.
Clearly, Pr′ (respetively Pr) is a sub-semigroup of S ′ (resp. of S).
In general, for an arbitrary singularity, it is very diult (unsolved) task to
deide if an element of S ′ is prinipal or not. E.g., if (X, o) is rational (and π is
arbitrary), or minimally ellipti (and π is minimal and good) then Pr = S; but,
in general, Pr 6= S. The point is that, in general, the semigroup Pr annot be
haraterized topologially, it strongly depends on the analyti struture supported
by the topologial type xed by Γ.
The next result haraterizes Pr′ ombinatorially in L′(Γ), for a splie-quotient
singularity assoiated with Γ. Reall that E denotes the set of end-verties of Γ.
Theorem 5.1.2 (Charaterization of prinipal Q-yles). Let (X, o) be a splie-
quotient singularity assoiated with the graph Γ, and onsider its resolution π with
dual graph Γ. Then for any l′ ∈ S ′ the following fats are equivalent:
(1) l′ ∈ Pr′;
(2) for eah v ∈ V there exists an eetive yle lv ∈ L≥0 suh that:
(a) Ev 6⊂ supp(lv),
(b) (lv, Eu) = −(l′, Eu) for any u 6∈ E,
() (lv, Eu) ≤ −(l′, Eu) for any u ∈ E;
(3) there exists nitely many monomial yles {D(α(k))}k ∈ l
′ + L so that
l′ = infkD(α(k)).
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Proof. (1)⇒(2). If l′ ∈ Pr′ then the quotient H0(O(−l′))/H0(O(−l′ − Ev)) 6= 0
for eah v ∈ V . Then, by (4.3.1) (see also (4.2.5)), there exists a monomial zα(v) so
that
(5.1.3)
∑
i∈E
α(v),iE
∗
i − l
′ = lv,
where lv ∈ L≥0 and Ev 6⊂ supp(lv). Hene (2) follows. In order to prove (2)⇒(3),
dene the non-negative integers α(v),i := −(l
′ + lv, Ei) for all i ∈ E . This means
that (5.1.3) is satised. Sine infv D(α(v)) = infv(l
′ + lv) = l
′
, (3) follows too. For
(3)⇒(1) notie that if l′ = infkD(α(k)), then a linear ombination of the monomials
zα(k) works for s. 
Corollary 5.1.4. Let (X, o) be as in (5.1.2). Then m ·S ′ ⊂ Pr for some m ∈ Z>0.
In fat, if δv 6= 2 then evE
∗
v ∈ Pr, where ev is the order of [E
∗
v ] in H.
Proof. For v ∈ E , evE∗v ∈ Pr by the denition of splie-quotients (see e.g. (4.2.2)).
Next, x a node v. Let {Ck}1≤k≤δv be its branhes. By the monomial ondition
there exists a monomial yle D(αk) so that D(αk) − E
∗
v is eetive, integral and
supported on Ck. Hene evE
∗
v = infkD(evαk).
More generally, take a vertex v with δv ≥ 2 adjaent verties {wk}k sitting in
the branhes {Ck}k of v. Regard Ck as a subgraph, let E¯∗i be the Ck-dual of
Ei in this subgraph, and in Ck onsider an arbitrary integral monomial yle of
type
∑
i∈ECk
αk,iE¯
∗
i . Let mk be the multipliity of Ewk in this yle. This means
that
∑
i∈ECk
αk,iE
∗
i − mkE
∗
v is eetive, integral and supported on Ck. Hene
mv = lcmk{mk} works beause mvE∗v = infkD(αkmv/mk). 
Remark 5.1.5. (a) It an happen that evE
∗
v 6∈ Pr; e.g. in the ase of the −13-
vertex of the right graph from (5.2.3) ev = 1 but E
∗
v 6∈ Pr.
(b) One of the motivations for the haraterization of Pr is the Nash Conjeture.
One way to separate the omponents of the ar spae is to use the ratios li/lj of
the oeients of the prinipal yles
∑
i liEi ∈ Pr, see e.g. [26℄. By (5.1.4), for
splie-quotients, the set of these ratios remain the same if we replae Pr by S.
5.2. The minimal and maximal yle. Let us reall the following denitions:
Denition 5.2.1. Let Zmin ∈ S be the minimal (or fundamental) yle of Γ, i.e.
the unique minimal non-zero element of S. Let O eX(−Zmax) be the divisorial part
of the pullbak π∗(mX,o) of the maximal ideal. Equivalently, Zmax is the unique
minimal non-zero element of Pr. It is alled the maximal yle of (X, o).
Zmin an be determined by a ombinatorial algorithm of Laufer [7, (4.1)℄. Clearly,
Zmin ≤ Zmax, but in general Zmax annot be read from Γ.
We denote the (nitely generated) semigroup of integral monomial yles by
LE := {
∑
i∈E
αiE
∗
i : αi ∈ Z≥0} ∩ L.
Corollary 5.2.2. Let (X, o) be as in (5.1.2). Then Zmax = inf(LE \ {0}).
Example 5.2.3. Consider the following two graphs, both with L′ = L.
−2 −7
E1E0
−1 −2
−3
−2 −1 −13
E1
−1 −2
−3 −3
For the left graph Zmin ∈ Pr, nevertheless Pr 6= S. In fat, Pr\S = {E∗1}, where
E1 is the −7-urve. The right graph is an example with Zmin 6∈ Pr and with innite
Pr \ S. Indeed, let E1 denote the −13-urve and let Ei be any exeptional urve
with valeny 1. Then E∗1 + kE
∗
i 6∈ Pr for every k ≥ 0. In this ase Zmax = 2Zmin.
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5.3. Base points and multipliity. In general, π∗mX,o has the formO eX(−Zmax)⊗⊗
P∈B IP , where B denotes the nite set of base-points and IP is an mP -primary
ideal for P ∈ B. Next we provide a ombinatorial desription of the ideals IP .
Assume that π satises the end urve ondition, we x some end urves Hi for
i ∈ E as in (4.2). Consider D := E ∪ (∪i∈EHi), and let Sing(D) denote the singular
(double) points of D. Fix suh a point P ∈ Sing(D) and order the two omponents
of D ontaining it. Assoiate with eah α ∈ LE the multipliity orders (aα, bα) in∑
i∈E αi(Hi + E
∗
i )− Zmax of the two omponents of D ontaining P .
The results (5.1.2) and (5.2.2) have the following onsequene too:
Corollary 5.3.1. (1) B ⊂ Sing(D). In partiular, if Hi ∩ E ∈ B for some
i ∈ E, then the intersetion point Hi∩E is independent of the hoie of Hi.
(2) Fix P ∈ Sing(D). In some loal oordinates (t, s) of P , IP is the monomial
ideal generated by {taαsbα}α∈LE .
Example 5.3.2. On the left graph of (5.2.3), B onsists of only one point, the
intersetion of a ut with E0, the unique urve Ei with (Zmin, Ei) < 0. In the ase
of the right graph B = ∅. In the next example (5.3.4), B onsists of one point,
whih is the intersetion of two irreduible exeptional omponents.
For every P ∈ B, the pairs (aα, bα)α determine a (onvenient) Newton diagram:
N−P = R
2
≥0 \ onvex losure
{ ⋃
α∈LE
(
(aα, bα) + R2≥0
) }
.
Theorem 5.3.3. The multipliity mult(X, o) of (X, o) is topologial:
mult(X, o) = −Z2max + 2 ·
∑
P∈B
area(N−P ).
Proof. For eah P let φP and ψP be two plane urve singularities with Newton
diagram N−P and generi oeients. Then (see e.g. the proof of [30, (2.7)℄)
mult(X, o) = −Z2max +
∑
P∈B
(φP , ψP )P ,
where (−,−)P denotes the intersetion multipliity at P . One the other hand it is
well-known that (φP , ψP )P = 2 · area(N
−
P ), see e.g. [29℄, or [27, page 276℄. 
Example 5.3.4. Consider the following graph.
−2 −1 −8 −8 −1
−3 −3
−2
z1
z2
z3
z4
In this ase Zmax = Zmin with Z
2
max = −2. Let P be the intersetion point of
the two (−8)-urves. Then π∗(mX,o) = O eX(−Zmax)⊗mP , hene mult(X, o) = 3.
In fat, in this ase we an even write the equations of (X, o). Indeed, if {zi}1≤i≤4
are the end urve setions (as indiated in the piture), then a possible hoie for
the splie diagram equations is z21+z
3
2+z
5
3 = z
2
3+z
3
4+z
5
1 = 0. H ≃ Z3 is generated
by [E∗2 ], and ats by [E
∗
2 ] ∗ (z1, z2, z3, z4) = (z1, ψ¯z2, z3, ψz4), where ψ = e
2πi/3
.
The generators of the invariants are z1, z3, a = z
3
2 , b = z
3
4 and c = z2z4, hene the
equations of (X, o) are z21+a+z
5
3 = z
2
3+b+z
5
1 = ab−c
3 = 0, or c3 = (z21+z
5
3)(z
2
3+z
5
1).
6. The proof of (4.3.1).
We prove both statements by a simultaneous indution on the number of verties
of the resolution graph. For this we will use the notations (4.2.6) and (4.2.7).
The ut funtions {f¯}i∈E′ and fv|X˜(E¯) indue setions in H0(X˜(E¯),O eX(E¯)(−E¯
∗
i )),
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resp. in H0(X˜(E¯),O eX(E¯)(−E¯
∗
w)), denoted by z¯i for i ∈ E
′
, resp. by yw (f. (4.2.2)).
Clearly, if δw > 2, then w 6∈ E¯ , hene E¯ = E ′. Hene the new monomial setions
have the form
∏
i∈E′ z¯
αi
i (αi ≥ 0); a produt of type
∏
i∈E′ z¯
αi
i · y
β
w (β ≥ 0) is an
extended monomial setion. If δw = 2, then E¯ = E ′∪w, hene all {H¯i}i and H¯w are
end urves of X˜(E¯), and the new monomials setions have the form
∏
i∈E′ z¯
αi
i · y
β
w
(αi ≥ 0, β ≥ 0). If δw = 1 then for X˜(E¯) we preserve both (old and new) uts Hw
and H¯w, and the new monomials setions have the form z¯
α
wy
β
w.
The indution starts with a one-vertex graph with two end urves H1 and H2,
in whih ase we have to hek only (1). In this ase the piture is very expliit
(and an be veried easily by the reader):
Set p = −E2. Then E∗ = (1/p)E and H = Zp. The abelian over Y is C2,
OY,o = C{z1, z2}, where z1 and z2 are the two end urve setions (see e.g. [1, III.5℄).
Moreover, Y˜ is the blow up of Y at o with exeptional urve E˜, and c˜∗(E) = pE˜.
Set L = O eX(−kE
∗) for some k ∈ Z. Then H0(X˜,L) = H0(Y˜ ,O(−kE˜))θ([l′])
whih equals the subspae of C{z1, z2} generated by monomials of degree deg ≥ k
and deg ≡ k (mod p). Therefore, if l = nE, the monomial setions zα of L with
α1+α2 = k+ip (0 ≤ i < n) are linearly independent and the spae spanned by them
projets bijetively onto V . Sine divL(z
α) = α1H1 + α2H2 + iE, the vanishing
orders of all these divisors at the intersetion point H1 ∩E are all distint. Hene,
any set of setion of L with the same ardinality and divisors projets into a linearly
independent set in V , whih neessarily form a basis of V .
Now, we onsider a resolution π : X˜ → X whose graph has |V| > 1 verties.
We x a vertex v ∈ E , and we will use the notations of (4.2.6). By indution, we
assume that the statements of the lemma are true for π¯.
First we prove statement (2) for π. Sine R♭ is injetive, we have to show its
surjetivity. For this onsider all the monomial setions of L| eX(E¯) with non-zero
lass in the target of R♭. They have the form M¯ =
∏
i∈E′ z¯
αi
i · y
β
w (where β = 0 if
w 6∈ E¯) suh that ∑
i∈E′
αiE¯
∗
i + βE¯
∗
w +R(c1(L)) = l¯
for some l¯ ∈ L¯≥0 and l¯ 6≥ E¯w. In partiular, l¯ is supported on the losure of E¯ \ E¯w,
hene (i(l¯), Ev) = 0. Sine R(
∑
i∈E′ αiE
∗
i − βEv + c1(L) − i(l¯)) = 0, one has
(6.0.1)
∑
i∈E′
αiE
∗
i − βEv + c1(L)− i(l¯) = −αvE
∗
v
for some αv ∈ Z. Sine βEv + i(l¯) ∈ L≥0, and αv = −βE2v + (c1(L), Ev) ≥ 0, we
get that zα =
∏
i∈E z
αi
i is a monomial setion of L, suh that the divisors of R
0(zα)
and M¯ oinide. By the indutive step the olletion {R0(zα)}α is a generator set
of the target of R♭. In partiular, R♭ is onto proving part (2).
Moreover, if we replae above eah setion zα by another setion sα of L with
the same divisor, then by the same indutive argument as above the set {R0(sα)}α
form a basis of the target of R♭. But, sine R♭ is an isomorphism, the lasses of
sα neessarily form a basis too. This proves part (1) for l = Ew and any L with
(c1(L), Ev) ≥ 0.
Now we turn to statement (1) for general L and l ∈ L≥0. First we onsider the
following innite `omputation sequene' {xn}n≥0, xn ∈ L≥0, suh that x0 = 0,
xn+1 = xn + Eu(n), where u(n) ∈ V is provided by the following priniple:
(a) If (−c1(L) + xn, Eu) ≤ 0 for all u ∈ V then u(n) = w.
(b) If (−c1(L) + xn, Eu) > 0 for some u, then take one of them for u(n).
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One an show (see e.g. [8, (4.2)℄) that both steps our innitely many times.
Moreover, at the beginning of step (a), −c1(L)+xn ∈ S ′. Sine S ′ ∩{l′ ∈ L′ : l′ 6≥
l − c1(L)} is nite, f. (2.1.1), we get that xk ≥ l for some k.
Next we analyze the steps of {xn}
k
n=0 and we show by indution on n the validity
of (1) for Vn := H
0(L)/H0(L(−xn)). In ase (b), the natural projetion Vn+1 → Vn
is an isomorphism and the divisors of the monomials an also be identied (f.
(4.2.5)). In ase (a), one has the exat sequene
0 −→
H0(L(−xn))
H0(L(−xn − Ew))
−→ Vn+1 −→ Vn −→ 0.
(1) is valid for Vn by the indutive hypothesis, and for the left hand side too by
the partiular ase already proved (l = Ew); hene it works for the middle term as
well. This ends the indution showing (1) for Vk. Finally, onsider the projetion
Vk → V = H0(L)/H0(L(−l)). Any set of H0(L) whih satisfy the assumption of
(1) for V an be ompleted (by adding monomial setions whose lasses in V are
zero) to a set whih satises the assumption of (1) for Vk. Hene, sine Vk satises
(1), so does V .
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